Introduction {#Sec1}
============

Superspace and superfields are powerful tools for the construction of globally supersymmetric theories. In \[[@CR1]\], it was shown how they can also be used in the case where supersymmetry is only realised non-linearly \[[@CR2]\]. The goldstino is then part of a constrained superfield $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{NL}$$\end{document}$. In the simplest examples \[[@CR1], [@CR3]\] the latter satisfies:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_{NL} ^2=0 \end{aligned}$$\end{document}$$which eliminates the scalar component, the sgoldstino. In \[[@CR3]\], the constraint ([1.1](#Equ1){ref-type=""}) was explicitly derived by taking the sgoldstino mass to infinity. Going further and imposing$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_{NL} \overline{D}^2\overline{X_{NL} } \propto X_{NL} \end{aligned}$$\end{document}$$fixes the scale of supersymmetry breaking, the F-term $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{NL}$$\end{document}$ \[[@CR1]\]. This leaves then the goldstino $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\lambda }_\alpha $$\end{document}$ as the only independent component in the superfield:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_\alpha X_{NL} | = \sqrt{2}\tilde{\lambda }_\alpha + \cdots ; \quad X_{NL} | = \frac{\tilde{\lambda }_\alpha \tilde{\lambda }^\alpha }{2F_X} +\cdots \end{aligned}$$\end{document}$$In \[[@CR4]\], it was argued that the constraint ([1.2](#Equ2){ref-type=""}) can be too restrictive and one can instead choose to use only ([1.1](#Equ1){ref-type=""}) and keep as independent components of $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{NL}$$\end{document}$ both the goldstino superfield and the auxiliary component. It was also conjectured that the superfield *X* which controls the violation of the Ferrara--Zumino supercurrent $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {J}_{\alpha \dot{\alpha }}$$\end{document}$ conservation equation:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \overline{D}^ {\dot{\alpha }} \mathcal {J}_{\alpha \dot{\alpha }} = D_\alpha X \end{aligned}$$\end{document}$$flows in the infrared to the superfield $\documentclass[12pt]{minimal}
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                \begin{document}$$X \rightarrow X_{NL} $$\end{document}$.

There are other ways to embed the goldstino in a constrained superfield. The goldstino can appear as the lowest component as it was originally described in \[[@CR5], [@CR8]\]. One approach is to directly write the superfield in "splitting form" in terms of homogeneously transforming components \[[@CR6]--[@CR8]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Lambda _\alpha&\equiv \sqrt{2}{F_X} \theta _\alpha + \tilde{\lambda }_\alpha (z),\nonumber \\ z^\mu&\equiv x^\mu - i \theta \sigma ^\mu \overline{\theta } - i \frac{\sqrt{2}}{F_X} \tilde{\lambda } (x) \sigma ^\mu \bar{\theta }. \end{aligned}$$\end{document}$$On the other hand, in order to make contact with the UV-origin of the fields, we can instead identify the goldstino with a spin 1 / 2 component of a vector multiplet $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{NL} $$\end{document}$, and this is the approach we shall take here (although the two approaches can be related by a non-linear transformation of the superfields). The corresponding constraints take then the form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{NL}= & {} {V_{NL} }^\dagger \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{NL} ^2= & {} 0\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{NL}\propto & {} V_{NL} \left( D^\alpha \overline{D}^2 D_\alpha + \overline{D}^{\dot{\alpha }}{D}^2 \overline{D}_{\dot{\alpha }}\right) V_{NL} \end{aligned}$$\end{document}$$and the goldstino is obtained from the lowest component of$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_{NL \alpha } = -\frac{1}{4} \overline{D}^2 D_\alpha V_{NL} = \tilde{\lambda }_\alpha + \cdots \end{aligned}$$\end{document}$$These constraints are satisfied if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_{NL} = \overline{X_{NL} }X_{NL}/\Lambda ^2 $$\end{document}$ where the size of the suppression scale $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{NL} $$\end{document}$ can be used either for a true D-term breaking model or to parametrise the effects of an F-term breaking as done in \[[@CR9]--[@CR12]\]. Here the condition ([1.8](#Equ8){ref-type=""}) appears as a consequence of ([1.2](#Equ2){ref-type=""}). An important result shown in \[[@CR5], [@CR8]\], and subsequently in \[[@CR7], [@CR13]--[@CR15]\] for the other representations, is that the corresponding Lagrangian is the Volkov--Akulov one or can be mapped to it through field redefinitions.

This nilpotent superfield construction allows to describe the coupling of the goldstino to matter fields in the lower energy effective theory. Writing appropriate constraint equations, $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{NL}$$\end{document}$ allows to project out heavy components in matter superfields without explicitly going through integrating them out in the ultaviolet (UV) theory Lagrangian \[[@CR4]\]. We shall consider here the constraint equation:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_{NL} (\mathcal {A} + \overline{\mathcal {A}}) = 0, \end{aligned}$$\end{document}$$which leaves only a pseudo-scalar degree of freedom propagating and removes the other components of the chiral multiplet $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$. This can be applied to describe goldstone bosons for example \[[@CR4]\] or the inflaton \[[@CR16], [@CR17]\]. It is important to understand how ([1.10](#Equ10){ref-type=""}) can be obtained from a linearly realised supersymmetry theory in the UV. It was noted in \[[@CR18]\] that imposing ([1.10](#Equ10){ref-type=""}) is equivalent to three independent constraints:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\overline{X_{NL}}X_{NL} (\mathcal {A}+ \overline{\mathcal {A}}) = 0,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\overline{X_{NL}}X_{NL}\overline{D_{\dot{\alpha }}\mathcal {A}} = 0,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\overline{X_{NL}}X_{NL}\overline{D^2 \mathcal {A}} = 0, \end{aligned}$$\end{document}$$which eliminates the heavy real scalar, the fermion and the auxiliary field separately. These were lifted as three operators added to the Lagrangian with the inconvenience of dealing with higher derivative terms. We shall provide in this work a single operator that when present in the microscopic theory can give rise to the constraint ([1.10](#Equ10){ref-type=""}). This will be based on switching on a D-term to break supersymmetry.

Another issue of interest is the extraction of the Standard Model Higgs *SU*(2) doublet from a supersymmetric electroweak sector. In its minimal realisation the latter contains two doublet superfields. We look then for a way to project out the fermionic partners (the higgsinos) and keep only one linear combination of the scalar two Higgs doublets light. We illustrate how this can be achieved easily using two type of operators, one for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$-like terms and diagonal soft-terms and one for the $\documentclass[12pt]{minimal}
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As an example of microscopic theory for *D*-term supersymmetry breaking, we consider the original Fayet--Iliopoulos (FI) model \[[@CR19]\]. In \[[@CR8]\], the parameters region where supersymmetry but not gauge symmetry is broken was considered. It was noted that replacing the original vector multiplet *V* in the FI model by the constrained one, $\documentclass[12pt]{minimal}
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                \begin{document}$$V \rightarrow V_{NL} $$\end{document}$, as described by the above equations leads to the supersymmetry breaking soft masses. We shall consider instead the parameter region where both supersymmetry and the gauge symmetry are spontaneously broken leaving in the infrared only the massless goldstino. We shall then show how *V* flows in the infrared to $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{NL}$$\end{document}$ is the goldstino nilpotent superfield. For the purpose, we shall illustrate by deriving this result in three different ways: from integrating out heavy modes within the Lagrangian in components fields, identification of the nilpotent superfield in the Ferrara--Zumino supercurrent equation and from integrating out the heavy modes through the superfield equations in the super-unitary gauge.

In Sect. [2](#Sec2){ref-type="sec"}, we explain how the supersymmetry algebra fixes the different components of the goldstino multiplet in particular for the nilpotent vector superfield. This result is explicitly derived in Sect. [3](#Sec3){ref-type="sec"} for the case of the FI model in the regime where the only massless degree of freedom is the goldstino. A complete and simple picture is obtained by providing the identification of $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{NL}$$\end{document}$ by different ways. An important result of this work, the use of a single and simple operator to obtain the minimal constrained superfield, containing a single pseudo-scalar degree of freedom is described in Sect. [4](#Sec9){ref-type="sec"}. The discussion about the Higgs sector is in Sect. [5](#Sec10){ref-type="sec"}. The conclusions give a summary of the results.

Nilpotent superfield components from supersymmetry algebra {#Sec2}
==========================================================

Integrated out the complex scalar is replaced by a function of the fermionic $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ and the auxiliary field *F* components of the chiral supermultiplet. The supersymmetry transformation reads then:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta _\epsilon \phi (\psi , F)= & {} \frac{\partial \phi }{\partial \psi _\alpha } \delta _\epsilon \psi _\alpha + \frac{\partial \phi }{\partial F} \delta _\epsilon F \nonumber \\ \epsilon \psi= & {} \frac{\partial \phi }{\partial \psi _\alpha } \left[ -i(\sigma ^\mu \overline{\epsilon })_\alpha \partial _\mu \phi + \epsilon _\alpha F\right] \nonumber \\&- \frac{\partial \phi }{\partial F} (i\overline{\epsilon }\overline{\sigma }^\mu \partial _\mu \psi ). \end{aligned}$$\end{document}$$By solving the partial differential equation, we can fix the complex scalar to be:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi = \frac{\psi \psi }{2F}. \end{aligned}$$\end{document}$$The chiral multiplet can be written as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_{NL} = \frac{\psi \psi }{2F} + \sqrt{2}\theta \psi + \theta \theta F, \end{aligned}$$\end{document}$$which is nilpotent:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_{NL}^2 = 0. \end{aligned}$$\end{document}$$Because of the nilpotency constraint, the general form for the Lagrangian without supersymmetric covariant derivatives for this superfield is:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L}_X= & {} \int d^4\theta \overline{X_{NL}}X_{NL} + \left( \int d^2\theta f X_{NL} + h.c.\right) \nonumber \\= & {} i\overline{\psi }\overline{\sigma }^\mu \partial _\mu \psi - \partial ^\mu \left( \frac{\overline{\psi \psi }}{2\overline{F}}\right) \partial _\mu \left( \frac{\psi \psi }{2F}\right) \nonumber \\&+ \overline{F}F + fF + \overline{f} \overline{F}, \end{aligned}$$\end{document}$$in which f is a constant. This recovers the Volkov-Akulov action by a field-redefinition.

For a *U*(1) vector multiplet, fixing a gauge breaks supersymmetry. Thus, after a supersymmetry transformation a new supergauge transformation is required to go back to the chosen gauge. Choosing the Wess--Zumino gauge, the new supergauge transformation is:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta _G V= & {} i(\overline{\Lambda } - \Lambda ),\nonumber \\ \Lambda (y)= & {} \frac{i}{\sqrt{2}}\theta \sigma ^\mu \overline{\epsilon }A_\mu -\theta \theta \frac{i}{\sqrt{2}}\overline{\epsilon \lambda }, \end{aligned}$$\end{document}$$The combination of the two transformations read then:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\sqrt{2}\delta _{\epsilon + G} A_\mu = \epsilon \sigma _\mu \overline{\lambda } + \lambda \sigma _\mu \overline{\epsilon } ,\nonumber \\&\sqrt{2}\delta _{\epsilon + G}\lambda _\alpha = \frac{i}{2} \left( \sigma ^\mu \overline{\sigma }^\nu \epsilon \right) _\alpha F_{\mu \nu } + \epsilon _\alpha D ,\nonumber \\&\sqrt{2}\delta _{\epsilon + G} D = -i\overline{\epsilon }\overline{\sigma }^\mu \partial _\mu \lambda + i\partial _\mu \overline{\lambda }\overline{\sigma }^\mu \epsilon . \end{aligned}$$\end{document}$$Once the gauge group and supersymmetry are broken, we can integrate out $\documentclass[12pt]{minimal}
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                \begin{document}$$A_\mu $$\end{document}$. To do this, we work in the superunitary gauge (i.e. we absorb the Goldstone boson; we shall do this throughout) and, writing the component $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\lambda }$$\end{document}$ and D, the supersymmetric transformation:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta _\epsilon A_\mu= & {} \frac{\partial A_\mu }{\partial \lambda _\alpha } \left[ \frac{i}{2\sqrt{2}} (\sigma ^\mu \overline{\sigma }^\nu \epsilon )_\alpha F_{\mu \nu } + \frac{1}{\sqrt{2}}\epsilon _\alpha D\right] + h.c.\nonumber \\&+ \frac{\partial A_\mu }{\partial D} \frac{i}{\sqrt{2}} (-\overline{\epsilon }\overline{\sigma }^\mu \partial _\mu \lambda + \partial _\mu \overline{\lambda }\overline{\sigma }^\mu \epsilon ). \end{aligned}$$\end{document}$$is satisfied if:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A_\mu = \frac{\lambda \sigma _\mu \overline{\lambda }}{D}. \end{aligned}$$\end{document}$$Note that this is not gauge invariant, as the gauge group is broken; if we restore the would-be Goldstone boson *a* then we have the relation$$\documentclass[12pt]{minimal}
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                \begin{document}$$m_A \rightarrow \infty $$\end{document}$. The corresponding Lagrangian includes the kinetic term and a Fayet--Iliopoulos term is then:$$\documentclass[12pt]{minimal}
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Nilpotent goldstino superfield from FI model {#Sec3}
============================================

Let us first summarise the Fayet--Ilioupous (FI) model; this allows to fix our notations. It contains two chiral superfields $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi _\pm (y, \theta , \bar{\theta }) = \phi _\pm (y)+ \sqrt{2} \theta \psi _\pm (y) + \theta \theta F_\pm (y)$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$y^\mu \equiv x^\mu - i \theta \sigma ^\mu \bar{\theta }$$\end{document}$, with superpotential $\documentclass[12pt]{minimal}
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                \begin{document}$$W= m \Phi _+ \Phi _-$$\end{document}$, a *U*(1) gauge field and an FI term $\documentclass[12pt]{minimal}
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Integrating out in components {#Sec4}
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                \begin{document}$$\begin{aligned} A_\mu : 0&= \nabla ^2 A_\mu + g^2 v^2 \left( A_\mu - \frac{1}{gv} \partial _\mu a\right) \nonumber \\&\quad + g \left[ -\psi _- \sigma ^\mu \overline{\psi }_- + \frac{(m \tilde{\psi } + gv \tilde{\lambda }) \sigma ^\mu (m \bar{\tilde{\psi }} + gv \bar{\tilde{\lambda }})}{m^2 + g^2v^2}\right] \nonumber \\ \psi _-: 0&= i \sigma ^\mu D_\mu \bar{\psi }_- - \sqrt{m^2 + g^2 v^2} \tilde{\psi } \nonumber \\&\quad + \frac{g(h-ia)}{\sqrt{m^2 + g^2v^2}} (-gv \tilde{\psi } + m \tilde{\lambda }) \nonumber \\ \tilde{\psi }: 0&= i \sigma ^\mu \partial _\mu \bar{\tilde{\psi }} - \sqrt{m^2 + g^2 v^2} \psi _- \nonumber \\&\quad + \frac{mg A_\mu }{m^2 + g^2 v^2} \sigma ^\mu (m\bar{\tilde{\psi }} + gv \bar{\tilde{\lambda }}) \nonumber \\&\quad - \frac{g^2 v(h-ia)}{\sqrt{m^2 + g^2v^2}} \psi _- - \frac{\sqrt{2} g}{m^2 + g^2 v^2} \phi _+^* \nonumber \\&\quad \times \left[ -2 m gv \tilde{\psi } + (m^2 - g^2 v^2) \tilde{\lambda }\right] \nonumber \\ \phi _+^*: 0&= -\partial ^2 \phi _+ - 2m^2 \phi _+ + \mathrm {scalar\ terms} \nonumber \\&\quad - \frac{\sqrt{2} g}{m^2 + g^2 v^2} (m\tilde{\psi } + gv \tilde{\lambda })(-gv \tilde{\psi } + m\tilde{\lambda }) \nonumber \\ h: 0&= -\partial ^2 h - 2g^2 v^2 h + \mathrm {scalar\ terms}\nonumber \\&\quad + \left[ \frac{g}{\sqrt{m^2 + g^2v^2}} \psi _- (-gv \tilde{\psi } + m \tilde{\lambda }) + h.c. \right] \end{aligned}$$\end{document}$$We therefore see that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda = \frac{gv}{\sqrt{m^2 + g^2 v^2}} \left[ \tilde{\lambda } + \frac{g^2 }{(m^2 + g^2 v^2)^{2}} i \sigma ^\mu \partial _\mu [(\tilde{\lambda }\tilde{\lambda }) \overline{ \tilde{\lambda }}] + \cdots \right] \end{aligned}$$\end{document}$$Thus we find that in the low energy limit, the degrees of freedom can be parameterised into one chiral multiplet and one vector multiplet, in an obvious notation:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&V (\lambda , v^\mu , D) \overset{IR}{ \longrightarrow } \frac{m}{\sqrt{m^2 + g^2v^2}}V \left( \tilde{\lambda }, \frac{\tilde{\lambda }\sigma ^\mu \overline{\tilde{\lambda }}}{\sqrt{2}\tilde{f}}, \sqrt{2}\tilde{f} \right) .\nonumber \\ \end{aligned}$$\end{document}$$This corresponds to Eqs. ([2.2](#Equ15){ref-type=""}) and ([2.9](#Equ22){ref-type=""}) and the corresponding Lagrangian can be mapped to the Volkov--Akulov action.

Integrating out in superspace {#Sec5}
-----------------------------

Let us use the superunitary gauge, in which, the chiral superfield $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L}_{SU}&= \int d^2 \theta \left( \frac{1}{4} W^\alpha W_\alpha +\frac{1}{\sqrt{2}} mv\Phi _+ \right) + h.c. \nonumber \\&\quad +\int d^4\theta \left( \overline{\Phi _+} e^{2gV} \Phi _+ + \frac{1}{2} v^2e^{-2gV} + 2 \xi V \right) . \end{aligned}$$\end{document}$$It is then instructive to consider the two limits $\documentclass[12pt]{minimal}
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                \begin{document}$$m^2\gg g^2v^2$$\end{document}$ separately. The reason is that we shall integrate out one of the superfields *entirely*, via the equations of motion, while leaving the other light, and this only makes sense if there is a hierarchy of masses. From the component calculation, we observe that in the first limit the Goldstino is dominated by $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi _+ \supset \Phi _+$$\end{document}$, while in the second it is dominated by the gaugino; in superfields unsurprisingly we see that in each limit it is the corresponding superfield that remains in the spectrum.
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                \begin{document}$$\psi _+$$\end{document}$ dominates the goldstino. We first consider the equation of motion for *V*:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0&= \frac{1}{8} \left( D^\alpha \overline{D}^2 D_\alpha + h.c. \right) V + 2 g \overline{\Phi _+} e^{2gV} \Phi _+\nonumber \\&\quad - g v^2e^{-2gV} + 2 \xi . \end{aligned}$$\end{document}$$We then use$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&V = \theta ^4 \frac{1}{2} \left( -\xi + \frac{gv^2}{2}\right) + \hat{V} \equiv \theta ^4 \frac{1}{2} \delta + \hat{V} \nonumber \\&W_\alpha = \theta _\alpha \delta + \hat{W}_\alpha \end{aligned}$$\end{document}$$which, when combined with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int d^4 x\int d^2 \theta \frac{1}{2} \theta ^\alpha \hat{W}_\alpha = \int d^4 x \int d^4 \theta \hat{V} \end{aligned}$$\end{document}$$substituted back into the action, gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L}_{SU}&= \int d^2 \theta \left( \frac{1}{4} \hat{W}^\alpha \hat{W}_\alpha +\frac{1}{\sqrt{2}} mv\Phi _+ \right) + h.c. \nonumber \\&\quad +\int d^4\theta \left( \overline{\Phi _+} e^{2gV} \Phi _+ + \frac{1}{2} v^2e^{-2gV} + (2 \xi + 2\delta ) \hat{V} \right) \nonumber \\&\quad + \frac{1}{2} \delta ^2 + \xi \delta \nonumber \\&= \int d^2 \theta \left( \frac{1}{4} \hat{W}^\alpha \hat{W}_\alpha +\frac{1}{\sqrt{2}} mv\Phi _+ \right) + h.c.\nonumber \\&\quad +\int d^4\theta \left( \overline{\Phi _+} e^{2gV} \Phi _+ + \frac{1}{2} v^2e^{-2gV} + g v^2 V\right) \nonumber \\&\quad + \frac{1}{2} \delta ^2 + \xi \delta - \frac{1}{2} \delta gv^2 \end{aligned}$$\end{document}$$This action has no linear term in *V* once we expand the exponential, which will be what we need. The equations of motion are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0&= 2 \delta + \frac{1}{8} \left( D^\alpha \overline{D}^2 D_\alpha + h.c.\right) \hat{V} + 2 g \overline{\Phi _+} e^{2gV} \Phi _+ \nonumber \\&\quad - g v^2e^{-2gV} + 2 \xi \nonumber \\&= \frac{1}{8} \left( D^\alpha \overline{D}^2 D_\alpha + h.c. \right) \hat{V} + 2 g \overline{\Phi _+} e^{2gV} \Phi _+\nonumber \\&\quad + gv^2 (1- e^{-2gV}) \nonumber \\&\equiv \Delta + 2 g \overline{\Phi _+} e^{2gV} \Phi _+ + gv^2 (1- e^{-2gV}) \end{aligned}$$\end{document}$$If we then solve this as a quadratic equation we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^{-2gV}&= \frac{1}{-2gv^2} \left[ -gv^2 - \Delta \pm \sqrt{(gv^2 + \Delta )^2 + 8 g^2 v^2 |\Phi _+|^2} \right] \nonumber \\&= \frac{(gv^2 + \Delta )}{2gv^2} \left[ 2 + \frac{4g^2 v^2 |\Phi _+|^2}{(gv^2 + \Delta )^2} + \cdots \right] \end{aligned}$$\end{document}$$If we neglect the terms with derivatives (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} gV = - \frac{|\Phi _+|^2}{v^2} + 3\frac{|\Phi _+|^4}{v^4} + \cdots \end{aligned}$$\end{document}$$Let us substitute this back into the action:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L}&= \int d^2 \theta \frac{1}{\sqrt{2}} mv\Phi _ + + h.c. \nonumber \\&\quad + \int d^4 \theta \frac{1}{16} V (D^\alpha \overline{D}^2 D_\alpha + h.c. )V \nonumber \\&\quad + \overline{\Phi _+} e^{2gV} \Phi _+ + \frac{1}{2} v^2e^{-2gV} + 2 \xi V \nonumber \\&= \int d^2 \theta \frac{1}{\sqrt{2}} mv\Phi _ + + h.c. + \int d^4 \theta \frac{1}{2} V \nonumber \\&\quad \times \left[ -2g \overline{\Phi _+} e^{2gV} \Phi _+ + g v^2e^{-2gV} - 2 \xi \right] \nonumber \\&\quad + \overline{\Phi _+} e^{2gV} \Phi _+ + \frac{1}{2} v^2e^{-2gV} + 2 \xi V \nonumber \\&= \int d^2 \theta \frac{1}{\sqrt{2}} mv\Phi _ + + h.c.\nonumber \\&\quad + \int d^4 \theta \, \, \overline{\Phi _+} \Phi _+ \left[ 1 - \frac{m^2}{2g^2 v^2} \right] \nonumber \\&\quad + |\overline{\Phi _+} \Phi _+|^2 \left[ - \frac{1}{v^2} + \frac{3 m^2}{g^2 v^4} \right] + \cdots \end{aligned}$$\end{document}$$We note that integrating the gauge field out and retaining the full $\documentclass[12pt]{minimal}
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Nilpotent chiral superfield from Ferrara--Zumino supercurrent {#Sec8}
-------------------------------------------------------------
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The minimal constrained superfield {#Sec9}
==================================

We shall describe now the use of the FI goldstino nilpotent superfield introduced above in order to project out all but one degrees of freedom of a chiral superfield $\documentclass[12pt]{minimal}
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We can also plug into the l.h.s. of Eq. ([4.4](#Equ71){ref-type=""}) $\documentclass[12pt]{minimal}
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                \begin{document}$$f_A$$\end{document}$ is the decay constant for the axion.

Comparing with ([4.1](#Equ68){ref-type=""}) shows that the axion coupling operator is exactly the same as the mass operator for the *U*(1) Dirac gaugino and the singlet chiral superfield sBino $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{a}{f_A}\epsilon ^{\mu \nu \rho \sigma }F^{U(1)}_{\mu \nu }F^{NL}_{\rho \sigma }, \end{aligned}$$\end{document}$$which shows the corresponding coupling of goldstini to the axion due to a kinetic mixing between the *U*(1) and a Fayet--Iliopoulos type *U*(1).

Constrained superfield for Higgs sector {#Sec10}
=======================================
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                \begin{document}$$H_j$$\end{document}$. Taking the limit of a large scale supersymmetry breaking leaves at low energy only the scalar component in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_j$$\end{document}$. This limit is described in the constrained superfield language as imposing:$$\documentclass[12pt]{minimal}
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One interesting application of this operator is to extract the Standard Model Higgs-like doublet from the minimally supersymmetric extended electroweak sector that comes with two Higgs doublets $\documentclass[12pt]{minimal}
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                \begin{document}$$H_2$$\end{document}$ with opposite gauge charge. The mass of the two Higgsinos and one complex scalar should be heavy, while leaving one light complex Higgs (same generalisation to doublet). Both mass eigenstates should be a linear combination of $\documentclass[12pt]{minimal}
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                \begin{document}$$H_2$$\end{document}$ in order to give the correct Yukawa couplings. For this, we need to supplement it with the additional operator:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {O}_{H _{12}} = -\frac{a^2_{12} m_{H}^2 }{2f^2}\int d^2\theta W_{NL} W_{NL} H_1 H_2 \end{aligned}$$\end{document}$$which generates an off-diagonal mass for the scalars $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_H^2 \begin{pmatrix} a_{11}^2 &{} a_{12}^2 \\ a_{12}^2 &{} a_{22}^2 \end{pmatrix} \end{aligned}$$\end{document}$$One simple way to realize a light eigenstate is to assume $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}_{H _{22}}$$\end{document}$. The corresponding constraints are exactly Eq. ([5.2](#Equ79){ref-type=""}). However, this will cause the problem of large $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \overline{X_{NL}}X_{NL} (a_{11} H_1 + a_{22}\overline{H_2}) = 0. \end{aligned}$$\end{document}$$

Conclusions {#Sec11}
===========

The goldstino nilpotent superfield is a common tool to write constraints that project out some components of other chiral or vector superfields. Clearly, it is useful to know if there are consistent microscopic origins of each of such constraints. And vice-versa, it is also useful to know which constraints are obtained when taking some decoupling limits of a given theory leading to non-linearly realised supersymmetry. Along this line, we have considered the FI model in a regime where both gauge symmetry and supersymmetry are spontaneously broken, the latter by the combination of both the FI term and an induced F-term. This is a very simple model, with both a pedagogical insight on mechanisms of supersymmetry breaking and possible applications in phenomenology, which has not been treated in depth in the existing literature. After reviewing the basic knowledge of the model, we proceeded to illustrate in detail how the goldstino appears to be embedded in a nilpotent superfield. We have worked out the results in different ways leading to a consistent picture that is easy to understand. First, starting from the Lagrangian in components, we have exhibited how the different components of the superfields can be expressed as functions of one goldstone fermion. Then, working directly in superspace, we were able to follow how the nilpotent superfield emerges at low energies.

As an application which motivated this work, we have first shown how the model allows a minimal constrained superfield which contains only one scalar degree of freedom to be easily obtained. The necessary constraints to eliminate the other degrees of freedom are all embedded in a single operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\int d^2\theta \overline{D}^2D^\alpha (\overline{X_{NL}}X_{NL})W^a_\alpha \mathcal {A}^a$$\end{document}$ involving our goldstino superfield and can be obtained from a microscopic theory in the presence of an effective D-term breaking. We have then discussed how similar operators can play a role in models of axions/axinos and supersymmetric models of electroweak symmetry breaking. Different applications of the resulting minimal constrained superfields can be advocated. It will be interesting to investigate in the future if the presence of additional sectors in the theory, as those necessary to write the above mentioned operator and which contain gauge vector bosons, can play a role in these cases.
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